The cross-sections for capture of neutrons by deuterons, involving emission of both electric and magnetic dipole radiation, are calculated using the wave functions obtained by Bucking ham & Massey (1941) in the course of an application of the resonating-group structure method to the elastic scattering of neutrons by deuterons. The value found for capture of neutrons with emission of magnetic dipole radiation is found to be very sensitive to the particular form taken for the various wave functions, owing to a very high degree of cancellation that occurs in the integrations. As a result it is out of the question at present to provide accurate theo retical values for this process. All that can be said is that the cross-section for capture of thermal neutrons by deuterons is likely to be abnormally small. It may well be 10~28 cm.2 or less. This is in general agreement with observation.
In a recent paper by Buckingham & Massey (1941) , referred to henceforward as Paper I, the theory of the elastic scattering of neutrons by deuterons has been worked out in numerical detail using the resonating-group structure method* of Wheeler to set up the differential equations for the three-body system, and making certain assumptions about the nuclear forces. The work was directed partly towards obtaining phenomena which would enable a choice to be made as to the exchange character of the forces between nucleons and partly towards checking the details of strength and range of the forces previously derived, whatever their character. In both directions it appears to be very promising (Buckingham & Massey 1947) , and it is therefore of interest to utilize the wave function for the three-body system to calculate the cross-sections for radiative capture of neutrons by deuterons both with emission of electric and of magnetic dipole radiation. These are known to be very small, even for thermal neutrons, and comparison between theory and experi ment in this direction is likely to provide a further useful check on the assumed law of force.
where M is the m atrix element of the respective moment averaged over the initial and final states of the system, v is the frequency of the emitted radiation, v the initial velocity of the neutron relative to the deuteron which is initially at rest in the laboratory system of co-ordinates, c the velocity of light and h Planck's constant.
Denoting the position vectors of the two neutrons by r l5 r 2, th a t of the proton by r 3 and their corresponding spin co-ordinates by s1} s2, s3 respectively, then M = £ f i { r x, r 2, r 3, sx, s2, sz) m (r1, r 2, r 3, sv s2, s3) r 2 $1» J ( 2) where (а) For the electric dipole case, m = er3. (3) (б) For the magnetic dipole case
where a l5 a 2, a 3 are the usual spin angular momentum operators and (in, y p the magnetic moments of neutron and proton respectively. According to the resonating-group method of Wheeler (1937) , employed in the detailed calculations of Paper I, the wave functions are constructed in the following way.
The basis of the method is to build up the wave functions for the three particle system from linear combinations of functions in which one of the neutrons is asso ciated with the proton in the ground state of a deuteron, while the second neutron moves relative to this deuteron.
The three-particle states can be distinguished as doublets or quartets-the ground state of the triton, in particular, must be a doublet. If the two spin wave functions corresponding to the two possible spin orientations for each nucleon are denoted by ol, ft, then the forms taken by the three particle wave functions f two multiplicities are:
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and a second function with a, ft interchanged.
Quartet: f = 2-*a(l)a(2)a(3){(6,(23,l)-(6,(13,2)}, } r f = 6-*{a( 1) ot(2)^(3) + fi(l) a(2) <x(3) + a( 1)/?(2) a(3)}{0a(2 3 ,1)-(6,(13, 2)},J and two further functions obtained by interchanging a and ft in the above two.
The functions (f)d ,a(23,1) represent a state of affairs in which particles 2 combined in a deuteron and particle 1 moves relative to it. They therefore take 9 W 2 3 ,1) = X ( \ra -r a D^r ! -^-^ where y is the normalized wave function for the ground state of the deuteron. The functions F may be expanded in a series of zonal harmonics, with the polar ax in the direction of the incident neutron, in the form
The best approximation for the function f T is obtained by regarding it as a proper solution of the integro-differential equation of the form
The functions U(r), qh p t and are as defined in Paper I. a, ft, are numerical con stants which have different values for the doublet and quartet states and also depend on the assumptions made as to the fundamental nucleonic interactions, is the wave number, and En the energy, of the relative motion of neutron and deuteron, and -Ed is the binding energy of the deuteron.
In the ground state of the triton l = 0 in (9) and is shall distinguish the appropriate function F as r _1/ w(r), the suffix t indicating th a t it refers to the ground state of the triton.
For the initial state the normalization of the function xjri is such th a t fi~ sin while, for the final state, \Jrf must be normalized to unit density. We therefore have, as normalizing factor for this state,
where w0 is as defined in (15) below. Before considering the detailed determination of the functions f h f Q t, we may derive the appropriate expressions for | M |2 in terms of them. To do so we need only substitute the expressions (3), (4) for the elementary dipoles and the appropriate functions t j r\ J rf for the various cases which can arise in (2), sum over spins, average over all initial states and sum over all final states. We then obtain:
(a) For electric dipole transitions. Writing
we find for this case | M |2 = 14 + £J212,
4 jr f 00 . where /, = y J o r*f"(r)fu (r)dr,
Here nl and n() are the same functions as those which appear in (9) for the cases l -1,1 = 0 respectively and are given by
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I t is to be noted that, for this case, the dipole moment matrix involves only the first harmonic in the expansion of Fd(r) and, of course, includes no contributions from capture of neutrons from quartet states.
(6) For magnetic dipole transitions. Making use of the well-known relations
we find here
where Mq, Md arise respectively by capture of neutrons from quartet and doublet initial states. Mq is given by
For the doublet states use may be made of the orthogonality condition
where Jld and J2d differ from Jlq, J2q respectively in the substitution of f / 0i2(r). Md can then be obtained in the same form as Mq, viz.
Alternatively, J2d may be eliminated completely to give
If the orthogonality condition above is not used, Md takes the form
I t will be noted th at for these transitions only the neutron waves which possess zero angular momentum relative to the centre of the deuteron contribute to the transition matrix.
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D e t a i l e d f o r m s f o r w a v e f u n c t i o n s u s e d -s e n s i t i v i t y TO NATURE OF NUCLEONIC FORCES
For all detailed calculations carried out, the assumptions made were those employed in Paper I. The interaction energy between two nucleons with relative position vector r 12 was taken to be of the form
where M12 and H12 are the Majorana and Heisenberg operators respectively and m, h, w, b are pure numbers subject to the conditions
(the ratio of the magnitude of the interaction between nucleons with opposite and same spin respectively). In Paper I calculations were carried out for the three cases:
. This is an ordina force type.
II.
). This is an exchange force the constant a in (9) vanishes, i.e. no ordinary force appears in the equations of relative motion of neutron and deuteron.
The function F(r12) was taken to be
with a = 1*73 x 10-13cm., A -242mc2. These are the constants found by Present & R arita (1937) to give the best representation of the binding forces of the light nuclei consistent with the observed scattering of neutrons and of protons by protons. I t was found, as described in Paper I, th a t the form of the functions f 0 for zero angular momentum of the neutron relative to the deuteron did not depend very much on which of the assumptions I, II or I I I was made. We therefore do not expect the cross-section for capture with magnetic dipole emission to depend appreciably on the exchange character of the forces assumed, so in this paper we confined our selves to assumption II I for the calculation of the magnetic dipole capture crosssections. On the other hand, the functions f l d do depend exchange character of the fundamental interaction, so it is to be expected th a t the cross-section for capture with electric dipole interaction will also show an appreciable dependence.
The functions required in the present calculations are / w, f od, f 0q and f ld. The integro-differential equation for the ground state function f ol was not solved in the previous work as it is not involved in scattering phenomena. An exact numerical solution of the equation would be very tedious-it is as unstable towards solution by iterative procedures as th at for the quartet function. There is the added com plication that, for the calculation o f /w, the energy is not known initially and must be determined to yield a proper function. In addition the accuracy with which the ground state of the triton can be represented by a wave function of resonating group structure form is open to question. As it was found also th at the magnetic dipole matrix element is very sensitive, owing to strong cancellation in the integrand, to the details of the wave functions it was not thought worth while to determine by exact numerical solution of the integro-differential equations. The following approximate procedure was used instead.
The kernel fiq0 + y jp0 + ^
of the integro-differential equation (9) was represented approximately in the form -6-5rr'{e-1* 25(r+r') + (0-0058 + 0-039P) e-o-«r+rO},
in which the unit of length is taken as 10-13cm. The equation could then be solved analytically, yielding a solution which, for 2 = 0-04, differed only slightly from the one obtained by exact numerical integration of the equation with the correct kernel. Thus the phase shift at infinity of the exact solution differed by less than | % from th a t given by the analytical solution. f ot was therefore calculated analytically using the approximate kernel (25), i.e. as the proper solution of
I t was found to be given, apart from a normalizing factor, by This value of k corresponds to a binding energy of H z of 8-1 MeV, a rather better value than the exact kernel probably gives! The functions f Qd, f 0q were available from the calculations of Paper I, but the difficulty arises that f od does not satisfy the orthogonality condition (18) with the approximate function f ol. Owing to the strong cancellation that occurs in integran involving products of the functions/od,/w the departure from orthogonality, reckoned by the failure of the relation (18), is serious. In order to carry out calculations using functions which do satisfy this condition, approximate functions were also obtained as exact solutions in analytical form of the integro-differential equation with the approximate kernel (25). In this kernel n0(r, r') is represented by -0 -0 36n-'e-°-5(r+r' >.
fot = e -" + (A 0+ B 0r)e-™ r+(C0 + D0r)e-o-5r,
If this is used in (18) together with f ol and f£d, then the orthogonality condition is satisfied. The functions foa(r ) are given by
% -sin (hr + d) + {A + Br) e-V25r +(C + Dr) e~°,5r,
where the constants A , B, C, D are as given in table 1. They are ad / o = 0 when r = 0. The remaining functions required for the calculation, y, n0 and n x were all available from the calculations of Paper I. No difficulty concerning orthogonality arises in determining the functions f ld. However, although the asymptotic phases for the functions f ld were also obtained to a degree of approximation sufficient for the purpose of th at work,* it was necessary to carry the approximations one step further to obtain the functions themselves for the present purpose. Figure 1 illustrates the form of f ld for k = 0-5 (11*47 MeV neutrons) and the three types of fundamental interaction I, II and III, compared with the appropriate plane-wave function. I t will be noticed th a t the two exchange interactions II and III give nearly the same function which is markedly different from th at for the unsaturated force I. In the latter case the effective force deter mining f ld is attractive, while for exchange forces it is repulsive, so th a t with un saturated forces f l d is concentrated rather more a t small values of r than for excha * In Paper I two alternative forms referred to as doublet (a) and doublet (6) were given and used for the doublet functions. The doublet (a) functions were derived from a function \{r which is not strictly o f pure doublet type and have not been used in this paper.
forces. In table 2 the phases 81 given from the present calculations are compared with those estimated in Paper I. I t will be seen th a t the differences are not great, confirming th a t the values used in Paper I were of sufficient accuracy. 
T a b l e 2. P h a s e s 8 1 de r i v e d f r o m t h e a s y m p t o t ic f o r m o f t h e w a v e f (a) AS CALCULATED IN THIS PAPER; (6) AS GIVEN IN PAPER
Ca p t u r e w it h e l e c t r ic d i p o l e r a d i a t i o n -c a l c u l a t e d v a l u e s
The results of the calculation for the capture associated with the emission of electric dipole radiation are given in table 3. It is seen th at the cross-sections for exchange forces of types II and III are nearly equal for the case of incident neutron energy 11-47 MeV. For lower neutron energies they would be expected to be even closer.
With ordinary forces of type I, the cross-section is considerably larger due to the greater concentration of the function f l d near the origin, but the for the process is so small th at it is difficult to see how it could be used to distinguish experimentally between the various types of interaction. The cross-section for type I forces and an incident neutron energy of 0-26 MeV has not been calculated but it would not be expected to be very different from the type III case for this low energy.
As the neutron energy is decreased the electric dipole cross-section falls to zero as the square root of the energy. Thus for room-temperature neutrons the calculated value is as low as 4-9 x 10~33cm.2.
Ca p t u r e w it h m a g n e t ic d i p o l e r a d i a t i o n -c a l c u l a t e d v a l u e s
A high degree of cancellation occurs in the transition matrix elements in this case. Thus, using the orthogonal set of approximate functions,/^, the negative and positive parts of the integrals Jld, J2d cancel to within 1 and 10 % respectively. A similar behaviour is exhibited by the contribution -J2q from quartet-doublet transitions. Under these conditions it is clear th at small inaccuracies in the wave functions will have a profound influence on the calculated cross-sections. I t can be said th a t the cross-section is likely to be abnormally small, but to obtain an accurate value for it will be impossible without such great refinement of the wave functions as to be beyond the powers of available technique. The position is rather like th a t which prevails in the theory of the absorption of light by potassium atoms (Bates 1946) .
To convey some idea of the numerical values which are obtained with a consistent set of assumptions we give in table 4 those obtained using the approximate kernels (25) and (28), the approximate functions/od, fd and the accurate functions f q. E x tra polation of these values to very low neutron energies gives for thermal neutrons a total capture cross-section of 7-3 x 10~28 cm.2. These numerical values can only be regarded as illustrative of possibilities. They might be nearly correct but there is no great a priori justification for them. Theoretical estimates of the magnetic dipole capture cross-sections for thermal neutrons have been made by Schiff (1937) who gave a value of 3 x 10~27cm.2, and Hocker (1942) who gave 1*7 x 10_28cm.2. In view of the extreme sensitivity of the cross-section to the form of the assumed functions which the present work has revealed, the discrepancy between their results is not surprising.
Very few estimates of the cross-sections for capture of neutrons by deuterons have been published. Kikuchi, Aoki & Takeda (1937) have given an upper limit of 3 x 10~ 26 cm.2 for this cross-section for thermal neutrons, based on an attem pt to measure the intensity of the y-rays produced in the capture process. More recently, Borst & Harkins (1940) have made an estimate of the capture cross-section for thermal neutrons by measuring the production of the radioactive tritons following the passage of neutrons through deuterium. They give an upper limit of between 2 and 3 x 10~28cm.2 for the cross-section.
There is no doubt that the capture cross-section is abnormally small as would be expected from the theory. Despite the difficulty of measurement, an accurate observed value would provide a very sensitive test of a detailed theory. Until such a value is available it would not seem to be worth while to attem pt the very lengthy analysis and numerical work involved.
The photo-disintegration of the triton
The matrix elements of the electric and magnetic dipole moments calculated above may also be used to calculate the cross-sections for disintegration of the triton by y-rays. Owing to the possibility th a t quantities of tritium may become available as a by-product of the chain reacting pile, it is of some interest to calculate the cross-section for such a photodisintegration into a neutron and deuteron.
From the principle of detailed balancing it follows th a t the cross-section QD for disintegration is related to that, Qc , for capture, which we have already calculated, by the relation (Bethe & Bacher 1936) , where p q, p n are the momenta of the quanta and the incident neutron in the respec tive cases, g is the probability th at the spin of the incident neutron is suitable for capture. It follows from this th at QD vanishes for y-radiation of quantum energy just sufficient to produce disintegration (6-2 MeV)-for magnetic dipole transitions as k, for electric dipole transitions as k3 . Except for y threshold value the magnetic dipole contribution is negligible. Table 5 gives cal culated disintegration cross-sections for various y-ray energies. The contribution from electric dipole transitions is of the same order as th at for photodisintegration of the deuteron and should be readily measurable if sufficient quantities of tritium become available. Furthermore, the considerable dependence of the calculated cross-section on the assumed interaction would suggest such a measurement as an additional means of obtaining evidence on the type of interaction.
We are indebted to Dr R. A. Buckingham for permission to make use of the detailed calculations involved in the preparation of the joint paper 'The scattering of neutrons by deuterons and the nature of nuclear forces', published by him in collaboration with one of us (H.S.W.M.).
